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Knuth-Yao algorithm
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How to simulate "~/ using Iz H%?

while true do
if £1ip(0.5) then
if £1ip(0.5) then
return 1 // heads-heads
else
return 2 // heads-tails
else
if £1ip(0.5) then
return 3 // tails-heads

else
skip // tails-tails




Knuth-Yao algorithm

Correctness?

while true do

if £1ip(0.5) then
if £1ip(0.5) then
return 1 // heads-heads
else
return 2 // heads-tails
else
if £1ip(0.5) then
return 3 // tails-heads
else

skip // tails-tails

if £1ip(1/3) then
return 1

else
if £1ip(0.5) then
return 2

else
return 3



Correctness of Knuth-Yao in ProbGKAT
Hﬁg)ﬁig

while true do

if £1ip(0.5) then
if £1ip(0.5) then
return 1 // heads-heads
else !
return 2 // heads-tails =
else
if £1ip(0.5) then
return 3 // tails-heads
else

skip // tails-tails

((v1 @% v2) @% (v3 @% 1))®

if £1ip( ) then
return 1
else
if £1ip(0.5) then
return 2

else
return 3

v @1 (v2 By v3)



Operational model

Automata with the transition function of the type
Q x At — D,({v, X} + V +Act x Q)

» Notion of equivalence:

b/ q0 \b b|_5|mu|at|on associated
0 & ro6 0.6 TF o with the type functor
mOs . w0 » Can be decided in
a ) .
_ O(n*log(n)) using a
b, bl generic minimization
o :1> v algorithm (WiBmann et
al, 2020)
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Operational semantics

def

g & plil



Axiomatisation of bisimulation equivalence

Guarded Choice Axioms Sequencing axioms Loop axioms
G1. e+tpe=e AS. (ef)g=e(fg) GU. e® =ee® 4,1
G2. e+1 f=e AL. 0e=0 PU. elr] = eelr] @y 1
G3. etp f=f+pe VS. ve=0 GT. (e+.1)® = (ce)(b\)
Ga.(e+p f)+cg=e+pc (f+c9) NL. le=e PT. (e@s D"l = lis]
Gs5. (e+p f) = (be+y f) NR. el=e PB. elll = (1)
Probabilistic Choice Axioms GDR. (e+p f)g=eg+p fg PGT. (e & ]l)(b) =e® (r+0)
P1. edre=e P.DR: (e@r'f)g E.egéBrfg GF. E(e)=0 g=eg+yf
P2. e® f=e Distributivity axiom @
P3. c® f=f®1 e D. (e f)+p (e®rq) g=e’f
P4. (e® f) ®s g =e® (f+p9) o
= ¢y (F ®1ns 9) © E)=0 g=ega, f
T-rs
g=ellf

Laws involving division apply when the denominator is not zero.



Knuth-Yao example revisited: axiomatic reasoning

d=vi®1 (v D1 v3) and g = (v D1 v2) @
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Definition of g

Probabilistic skew associativity

Loop tightening: (e &, ]1)([’) =)
Probabilistic skew associativity

Loop unrolling: e(b) = ee(b) +p 1
Definition of d and e +7 f = e
Right distributivity of ; over &
Sequencing after return: ve = v

Definition of d



Summary

» GKAT —+ probabilistic choice and loops.
» Operational semantics in terms of automata.
» Decidable in O(n?log(n)) time.

» A sound axiomatization.
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